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a b s t r a c t
In this paper, we show that the construction arising from a generalized topology and a
hereditary class introduced by Á. Császár (2007) [9] remains valid, together with many
applications, if the generalized topology is replaced by a weak structure.
Crown Copyright© 2011 Published by Elsevier Ltd. All rights reserved.
The notion of ideal topological spaces was studied by Kuratowski [1] and Vaidyanathaswamy [2]. In 1990, Janković and
Hamlett [3] investigated further properties of ideal topological spaces. In 1997, Á. Császár [4] introduced and studied γ -open
subsets of X . The family of γ -open sets is a generalized topology andwith respect to this collection, γ -interior and γ -closure
for each subset of X are defined. Many researchers have found it interesting to study the properties of the generalized
topology (see [5–8]). In 2007, Császár [9] defined a hereditary class of subsets of X and introduced µ-codense and strongly
µ-codense hereditary classes.
In this paper, instead of the generalized topologyµ, we consider the weak structure (WS)w on X in the sense of [10], i.e.
w ⊂ exp(X) has the property φ ∈ w. It will be shown that the same construction that was used to obtain µ⋆ now furnishes
another WSw⋆ and that many properties related to µ and µ⋆ remain valid.
Throughout this paper, w will always denote a WS on X and H ≠ ∅ a hereditary class on X; a set A ⊂ X is said to be
w-open iff A ∈ w andw-closed iff the complement of A isw-open (in X). For A ⊂ X, iwA and cwA are defined as the union of
allw-open subsets of A and the intersection of allw-closed sets containing A, respectively. It is known that iw is restricting,
monotone, and idempotent. The map cw is enlarging, monotone and idempotent (see [10]).
Let A ⊂ X . We define the set A⋆ ⊂ X by x ∈ A⋆ iff x ∈ F ∈ w implies F ∩ A ∉ H . Intuitively, x ∉ A⋆ iff there exists
x ∈ F ∈ w such that F ∩ A ∈ H .
Proposition 0.1. For any A ⊂ B ⊂ X, A⋆ ⊂ B⋆.
Proof. If x ∉ B⋆, then there exists F ∈ w such that x ∈ F and F ∩ B ∈ H . But F ∩ A ⊂ F ∩ B, so that F ∩ A ∈ H and hence
x ∉ A⋆. 
Proposition 0.2. For each A ⊂ X, A⋆ ⊂ cwA.
Proof. Let x ∉ cwA; then there exists x ∈ F ∈ w such that F ∩ A = ∅ ∈ H so that x ∉ A⋆. 
Lemma 0.1. F ∈ w, F ∩ A ∈ H imply F ∩ A⋆ = ∅. Hence H⋆ = X − Fw if H ∈ H .
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Proof. x ∈ F ∩ A⋆, F ∈ w would imply F ∩ A ∉ H . Now H ∈ H implies F ∩H ∈ H for F ∈ w and x ∉ H⋆ when x ∈ Fw; thus
H⋆ ⊂ X − Fw . On the other hand we know X − Fw ⊂ H⋆. 
Ifw is a generalized topology andH is a hereditary class then it is well known that cwA⋆ = A⋆ for anyw-closed set A ⊂ X .
The following example shows that this is not correct whenw is a weak structure.
Example 0.1. Let X = {a, b, c}, w = {∅, {a, b}},H = {∅, {a}} and A = {c}. Then A⋆ = ∅ and cwA⋆ = cw∅ = {c}.
Proposition 0.3. A⋆ isw-closed for each A ⊂ X.
Proof. If x ∈ X − A⋆, then there exists F ∈ w such that x ∈ F and F ∩ A ∈ H . By using Lemma 0.1, F ∩ A⋆ = ∅ involving
x ∈ F ⊂ X − A⋆. Then X − A⋆ is aw-open set and hence A⋆ isw-closed. 
Proposition 0.4. A⋆ ⊂ A for anyw-closed set A.
Proof. Let A be aw-closed set such that x ∉ A. Then X − A is aw-open set that satisfies A ∩ (X − A) = ∅ ∈ H . Then x ∉ A⋆
which implies A⋆ ⊂ A. 
Corollary 0.1. A⋆⋆ = (A⋆)⋆ ⊂ A⋆ for A ⊂ X.
Proposition 0.5. X = X⋆ iff w ∩H = {∅}.
Proof. Let X = X⋆. Then F ∈ w, F ≠ ∅ would imply the existence of x ∈ F and then x ∈ X⋆ would furnish F = F ∩ X ∉ H
so thatw ∩H = {∅}.
Conversely, ifw ∩H = {∅}, then F = F ∩ X ∉ H whenever x ∈ F ∈ w so that x ∈ X⋆ for x ∈ X , i.e. X ⊂ X⋆ ⊂ X . 
Proposition 0.6. F ∈ w implies F ⊂ F ⋆ iff F , F ′ ∈ w, F ∩ F ′ ∈ H implies F ∩ F ′ = ∅.
Proof. Let F ⊂ F ⋆ whenever F ∈ w. If x ∈ F ∩ F ′ and F , F ′ ∈ w then x ∈ F ⋆; hence F ∩ F ′ ∉ H , and consequently F , F ′ ∈ w
and F ∩ F ′ ∈ H can only hold when F ∩ F ′ = ∅.
Conversely if the latter statement is true and x ∈ F ∈ w then x ∈ F ′ ∈ w implies F ∩ F ′ ≠ ∅. Hence F ∩ F ′ ∉ H so that
x ∈ F ⋆; therefore F ⊂ F ⋆ whenever F ∈ w. 
Remark. If F , F ′ ∈ w, F ∩ F ′ ∈ H implies F ∩ F ′ = ∅ then H is w-codense. The converse need not be true in general as
shown by the following example.
Example 0.2. Let X = {a, b, c}, w = {∅, {a, b}, {a, c}},H = {∅, {a}}. ThenH is clearly w-codense. However, F = {a, b} ∈
w and F ′ = {a, c} ∈ w such that F ∩ F ′ ≠ ∅, but F ∩ F ′ = {a} ∈ H .
Proposition 0.7. If w is a topology andH isw-codense then it is stronglyw-codense as well.
Proof. Clear. 
Let a set A ⊂ X bew-rare iff iwcwA = ∅ andR denote the class of allw-rare sets; clearlyR is a hereditary class.
Proposition 0.8. If H = R then A⋆ ⊂ cwiwcwA for each A ⊂ X.
Proof. If x ∈ A⋆ then x ∈ F ∈ w implies iwcw(F ∩ A) ≠ ∅. Hence F ′ = iwcw(F ∩ A) satisfies ∅ ≠ F ′ ∈ w and
F ′ ⊂ cwF ∩ cwA, F ′ ⊂ iwcwA. Further F ′ ∩ F ≠ ∅ as F ′ ∩ F = ∅ would imply F ′ ∩ cwF = ∅. Thus F ∩ iwcwA ≠ ∅
whenever x ∈ F ∈ w implying x ∈ cwiwcwA. 
Remark. Ifw is a topology then it is well known thatR is an ideal and it is easy to show A⋆ = cwiwcwA for A ⊂ X,H = R.
Proposition 0.9. If w is a topology then F ∈ w implies F ∩ A⋆ ⊂ (F ∩ A)⋆ for each A ⊂ X.
Proof. Let x ∉ (F ∩ A)⋆; then there exists F ′ ∈ w such that x ∈ F ′ ∈ w and F ′ ∩ (F ∩ A) ∈ H . Hence either x ∉ F ⊃ F ∩ A⋆
or x ∈ F ∩ F ′ ∈ w and (F ∩ F ′) ∩ A ∈ H and x ∉ F ∩ A⋆. 
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1. The WSw⋆
Letw be a WS andH ≠ ∅ a hereditary class on X . For A ⊂ X , define c⋆ = A ∪ A⋆.
Proposition 1.1. c⋆ is enlarging, monotone and idempotent.
Proof. Enlarging is obvious. To show that c⋆ is monotone, let A ⊂ B; then by Proposition 0.1, A∪A⋆ ⊂ B∪ B⋆, i.e. c⋆A ⊂ c⋆B.
From [9, Lemma 3.3], c⋆ is idempotent. 
There is a WSw⋆ such that c⋆A is the intersection of allw⋆-closed supersets of A; F ∈ w⋆ iff X − F = c⋆(X − F).
Proposition 1.2. The following statements are true:
(1) F isw⋆-closed iff F ⋆ ⊂ F .
(2) w ⊂ w⋆.
Proof. (1) F isw⋆-closed iff F = c⋆F , iff F = F ∪ F ⋆ and iff F ⋆ ⊂ F .
(2) By using Propositions 0.4 and 1.2, everyw-closed set isw⋆-closed. 
Proposition 1.3. The following statements are equivalent for any A ⊂ X:
(1) A ⊂ A⋆,
(2) A⋆ = c⋆A,
(3) cwA ⊂ A⋆,
(4) A⋆ = cwA.
Proof. Clear. 
Let us say thatB ⊂ w is a base forw iff every F ∈ w is a union of elements ofB.
Theorem 1.1. The set F − H (F ∈ w,H ∈ H) constitute a baseB for w⋆.
Proof. F ∈ w,H ∈ H implies F − H ∈ w⋆ sinceM = X − (F − H) = X − (F ∩ (X − H)) = (X − F) ∪ H is w⋆-closed. By
using Proposition 1.2, x ∉ M iff x ∈ F −H; hence x ∈ F and F ∩M = F ∩ ((X− F)∪H) = F ∩H ∈ H so that x ∉ M⋆, F ⋆ ⊂ F .
ThusB ⊂ w⋆.
If A ∈ w⋆ then C = X − A is w⋆-closed; hence C⋆ ⊂ C . Thus x ∈ A implies x ∉ C and x ∉ C⋆ so that there exists F ∈ w
such that x ∈ F and H = F ∩ C ∈ H ; therefore x ∈ F − H ⊂ X − C = A. Hence A is the union of sets inB. 
Proposition 1.4. w⋆⋆ = w⋆ if H is an ideal.
Proof. It is clear that w⋆ ⊂ w⋆⋆. By using Theorem 1.1, every set A ∈ w⋆⋆ is the union of sets of the form F ⋆i − Hi, F ⋆i ∈ w⋆,
Hi ∈ H and i ∈ I . By using Theorem 1.1, F ⋆i = ∪j(Fij − Hij)where Fij ∈ w and Hij ∈ H, j ∈ Ij. Therefore
F ⋆i − Hi = ∪j((Fij − Hij)− Hi) = ∪j(Fij − (Hij ∪ Hi)) = ∪j(Fij − H ′ij)
where H ′ij = Hij ∪ Hi ∈ H . Thus each F ⋆i − Hi, and consequently A is also the union of sets inB, A ∈ w⋆. 
Remark. The above theorem need not be true in general ifH is not an ideal as shown by the following example.
Example 1.1. Let X = {a, b, c, d} and let w = {∅, {b, c, d}} be a weak structure on X . IfH = {∅, {b}, {d}}, then {b, c, d} −
{d} = {b, c} ∈ w⋆ and {b, c}−{b} = {c} ∈ w⋆⋆. But {c} is not the union of sets of the form ∅,∅−{b},∅−{d}, {b, c, d}−{b},
{b, c, d} − {d} so that {c} ∉ w⋆.
2. Applications
Again let w be a WS and H a hereditary class on X, A ⊂ X . We say that A ∈ σ − H (A ∈ π − H, A ∈ α − H, A ∈
β −H, A ∈ β∗ −H, A ∈ δ −H) iff A ⊂ c⋆iwA (A ⊂ iwc⋆A, A ⊂ iwc⋆iwA, A ⊂ cwiwc⋆A, A ⊂ c⋆iwc⋆A, iwc⋆A ⊂ c⋆iwA).
Definition 2.1. The WSw⋆ is said to be ⋆-extremally disconnected if c⋆A ∈ w for A ⊂ X and A ∈ w.
Theorem 2.1. For a WS w⋆, the following properties are equivalent:
(1) w⋆ is ⋆-extremally disconnected.
(2) i⋆A isw-closed for eachw-closed set A ⊂ X.
(3) c⋆iwA ⊂ iwc⋆A for each A ⊂ X.
(4) A ∈ π −H for each A ⊂ X; A ∈ σ −H .
(5) c⋆A ∈ w for each A ⊂ X; A ∈ β∗ −H .
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(6) A ∈ π −H for each A ⊂ X; A ∈ β∗ −H .
(7) A ∈ α −H iff A ∈ σ −H .
Proof. (1)⇒ (2): Let A be aw-closed set. Then X − A isw-open. By using (1), c⋆(X − A) = X − i⋆A isw-open. Thus, i⋆A is
w-closed.
(2)⇒ (3): Let A ⊂ X . Then X − iwA is w-closed and by (2), i⋆(X − iwA) isw-closed. Therefore, c⋆iwA isw-open and hence
c⋆iwA ⊂ iwc⋆A.
(3)⇒ (4): Let A ∈ σ −H . By using (3), we have A ⊂ c⋆iwA ⊂ iwc⋆A. Thus, A ∈ π −H .
(4)⇒ (5): Let A ∈ β⋆ −H . Then c⋆A ∈ π −H . By using (4), c⋆A ∈ σ −H . Thus, c⋆A ⊂ iwc⋆A and hence c⋆A isw-open.
(5)⇒ (6): Let A ∈ β∗ −H . By (5), c⋆A = iwc⋆A. Thus, A ⊂ c⋆A = iwc⋆A and hence A ∈ σ −H .
(6)⇒ (7): Let A ∈ σ −H . Since A ∈ β∗ −H , then by (6) A ∈ π −H . Since A ∈ σ −H and A ∈ π −H, A ∈ α −H .
(7)⇒ (1): Let A be aw-open set. Then c⋆A ∈ σ −H by using c⋆A ∈ α −H . Therefore, c⋆A ⊂ iwc⋆iwc⋆A = iwc⋆ and hence
c⋆A = iwc⋆A. Hence c⋆A isw-open andw⋆ is ⋆-extremally disconnected. 
Theorem 2.2. For any WS w⋆, the following are equivalent:
(1) w⋆ is ⋆-extremally disconnected.
(2) c⋆A ∩ cwB = ∅ for eachw-open set A andw⋆-open set B with A ∩ B = ∅.
(3) c⋆A ∩ cwB ⊂ cwA ∩ B for eachw-open set A andw⋆-open set B.
(4) c⋆iwc⋆A ∩ cwB = ∅ for every subset A ⊂ X and everyw⋆-open set B with A ∩ B = ∅.
Proof. (2)⇒ (1): Let c⋆A ∩ cwB = ∅ for each w-open set A and every w⋆-open set B with A ∩ B = ∅ and let F ⊂ X be a
w-open set. Since F and X − c⋆F are disjointw-open andw⋆-open sets, then c⋆F ∩ cwX − c⋆F = ∅. This implies
that c⋆F ⊂ iwc⋆F . Thus, c⋆F isw-open and hencew⋆ is ⋆-extremally disconnected.
(1)⇒ (3): Let A and B bew-open andw⋆-open sets, respectively. Since c⋆A isw-open and B isw⋆-open, then
c⋆A ∩ cwB ⊂ cw(c⋆A ∩ B) ⊂ cw(c⋆(A ∩ B)) ⊂ cw(A ∩ B).
Thus, c⋆A ∩ cwB ⊂ cw(A ∩ B).
(3)⇒ (2): Let A and B be w-open and w⋆-open sets, respectively with A ∩ B = ∅. By using (3), we have c⋆A ∩ cwB ⊂
cw(A ∩ B) = cw∅ = ∅. Thus, c⋆A ∩ cwB = ∅.
(2)⇒ (4): Let A ⊂ X and B be a w⋆-open set with A ∩ B = ∅. Since iwc⋆A is a w-open set and iwc⋆A ∩ B = ∅, by (2),
c⋆iwc⋆A ∩ cwB = ∅.
(4)⇒ (2): Let A and B be aw-open and aw⋆-open set, respectivelywith A∩B = ∅. By using (4), we have c⋆iwc⋆A∩cwB = ∅.
Since c⋆A ⊂ c⋆iwc⋆A, then c⋆A ∩ cwB = ∅. 
Definition 2.2. AWSw⋆ is called ⋆-normal if for any two disjointw-open andw⋆-open sets A and B, respectively, there exist
disjointw⋆-closed andw-closed sets F and H , respectively, such that A ⊂ F and B ⊂ H .
Theorem 2.3. For any WS w⋆, the following are equivalent:
(1) w⋆ is ⋆-normal.
(2) w⋆ is ⋆-extremally disconnected.
Proof. (1)⇒ (2): Letw⋆ be ⋆-normal and A ⊂ X bew-open. Then A and B = X − c⋆A are disjointw⋆-closed andw-closed
sets, respectively. This implies that there exist disjointw⋆-closed andw-closed sets F and H , respectively, such
that A ⊂ F and B ⊂ H . Since B ⊂ N ⊂ X − F = B, then B = H . Thus c⋆A = X − H is w-open. Hence, w⋆ is
⋆-extremally disconnected.
(2)⇒ (1): Let w⋆ be ⋆-extremally disconnected and let A and B be two disjoint w-open and w⋆-open sets, respectively.
Then c⋆A and X − c⋆A are disjoint w⋆-closed and w-closed sets containing A and B, respectively. Thus, w⋆ is
⋆-normal. 
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